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A CHEEGER-BUSER-TYPE INEQUALITY ON CW COMPLEXES
GRÉGOIRE SCHNEEBERGER
Abstract. We extend the definition of boundary expansion to CW complexes
and prove a Cheeger-Buser-type relation between the spectral gap of the Lapla-
cian and the expansion of an orientable CW complex.
1. Introduction
Expander graphs have been a prolific field of research in the last four decades
(see [9]). In recent years, a theory for the higher dimensions has emerged. There are
many ways to generalize the notion of the expansion of a graph. A combinatorial
definition can be given for simplicial complexes. A link can be made between this
generalization of expansion and the spectral gap of the laplacian, see [4, 6, 13].
There are results in other domains which have been proven with this definition,
see e.g. [12]. Another way to extend the definition is to look at the homology and
the cohomology with coefficients in F2 and use boundary and coboudary operators
to define boundary and coboundary expansions. The coboundary expansion is
introduced in [5, 8, 11] (see also [1, 7, 14]) and the boundary expansion in [14]. All
these works have been done with simplicial complexes. The aim of this paper will be
to generalize the definition and the inequality presented in [14] to CW complexes.
First of all, let us recall some classical definitions and results about expander
graphs. For a graph G with vertex set V , the expansion constant (or Cheeger
constant) is defined by
h(G) := min
{ |∂A|
min{|A|, |Ac|}
∣∣∣ ∅ ( A ( V}
where ∂A is the set of edges with one vertex on A and the other on Ac. Graph
expansions are strongly linked with the spectrum of the Laplacian.
Theorem (Cheeger-Buser inequality). Let G be a path connected graph and λ the
first non-trivial eigenvalue of the Laplacian, then
λ
2
≤ h(G) ≤
√
2λd
where d is the maximal degree of a vertex.
For an object in dimensions greater than one, we will consider the boundary
expansion as introduced in [14] by Steenbergen-Klivans-Mukarjee and we will gen-
eralize their main result which is a kind of Cheeger-Buser inequality.
Theorem. Let X be a CW complex with some good conditions of orientability,
hd(X) its d
th-boundary expansion constant, λd(X) the smallest non trivial eigen-
value of the lower dth-Laplacian and m the maximum number of (d−1)-cells in the
boundary of a d-cell. Then,
λd(X) ≤ hd(X) ≤
√
2mλd(X)
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2. Definitions
2.1. CW complexes. In the following, we will use the formalism of [10] for the
CW complexes and the following notation:
Bn = {x ∈ Rn | |x| ≤ 1} (the closed n-dimensional ball),
B˚n = {x ∈ Rn | |x| < 1} (the open n-dimensional ball),
Sn−1 = {x ∈ Rn | |x| = 1} (the (n− 1)-dimensional sphere).
Let X∗ be a Hausdorff space and X a closed subspace of X∗ such that X∗ \X is
a disjoint union of open subsets {enλ}λ which are all homeomorphic to B˚n. The enλ
are called n-cells. A characteristic map for a n-cell enλ is a continuous map
ϕλ : B
n → Cl(enλ)
such that
ϕλ|B˚n : B˚n → enλ
is a homeomorphism and ϕλ(S
n−1) ⊂ X . This map attaches enλ to X . It is a regular
characteristic map if ϕλ is a homeomorphism in all its domain. Intuitively we can
think of the space X∗ as obtained from X by pasting the boundary of some n-balls
on X .
Definition. A structure of finite CW complex is prescribed on a topological space
X by an finite ascending sequence of closed subspaces
X0 ⊂ X1 ⊂ X2 ⊂ . . .
which satisfies the following conditions:
(1) X0 is a discrete set.
(2) Xn is obtained from Xn−1 by adding a finite collection of n-cells via at-
taching maps.
(3) X is the union of the subspaces Xn.
In the following we will define the attaching maps uniquely on the boundary of the
balls and the CW complexes always will be finite CW complexes. The following
quotient space define Xn:
Xn =
(
Xn−1 ⊔ (⊔λBnλ)
)
upslope∼
where x ∼ ϕλ(x) for x ∈ Sn−1λ .
Xn is called the n-skeleton ofX . The dimension of a CW complex is the maximal
dimension of a cell. If there exists a regular attaching map for all the cells, the CW
complex is called regular. The number of times that a n-cell appears in the boundary
of a (n+ 1)-cell is called the degree of the cell i.e.
deg enλ =
∑
η
|[en+1η : enλ]|.
2.2. Chain and Cochain complexes. Let X be a CW complex. Using the ho-
mology for a pair of topological spaces, the n-chains of X are defined as
Cn(X) := Hn(X
n, Xn−1).
It is a free abelian group with basis in 1-1 correspondence with the n-cells of X .
The boundary operator,
∂n : Cn(X)→ Cn−1(X)
is the composition of homomorphisms of the homological sequence for the pairs,
Hn(X
n, Xn−1)→ Hn−1(Xn−1)→ Hn−1(Xn−1, Xn−2).
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It is easy to prove that ∂n∂n+1 = 0 for all n and then Im ∂n+1 ⊂ Ker ∂n. The
quotient of these two spaces
Hn(X) = Ker∂nupslopeIm ∂n+1
is called the nth-homology group of X .
We want to define the notion of orientation of the n-cells, for n ≥ 1. Since Cn(X)
is the direct sum of infinite cyclic groups indexed by the n-cells, we can chose, for
each cell enλ, one of the two generators, denoted by b
n
λ, of the corresponding infinite
cyclic subgroup. Such a choice is an orientation of the cell. The other choice of a
generator is b¯nλ and can be understood as the reverse orientation of the cell. The
set {bnλ}λ form a basis of Cn(X). The boundary operator is completely determined
by the values on basis elements. The image of bnλ is a linear combination of b
n−1
µ ,
∂n(b
n
λ) =
∑
µ
bn−1µ
[
bnλ : b
n−1
µ
]
,
where the coefficients [bnλ : b
n−1
µ ] are integers called the incidence numbers of the
cells bnλ and b
n−1
µ with respect to the chosen orientation. If the complex is regular,
the incidence numbers are equal to 0 or ±1. Two oriented cells bnα and bnβ that
have a common (n − 1)-cell in their boundaries, bn−1µ , are dissimilarly oriented if
[bnα : b
n−1
µ ] = [b
n
β : b
n−1
µ ]. Otherwise, these cells are similarly oriented. If there
exists an orientation of the d-cells of a d-dimensional CW complex such that they
are all similarly oriented, X is said to be orientable.
Using these incidence numbers, we construct a dual of the boundary operator
between the chains, the coboudary operator :
δn : Cn(X)→ Cn+1(X)
bnλ 7→
∑
µ
[bn+1µ : b
n
λ]b
n+1
µ .
This construction can be generalized by considering homology with coefficients
in an arbitrary group.
Definition. Let X be a CW complex and G an abelian group. The chains with
coefficients in G are defined as follow:
Cn(X : G) := Hn(X
n, Xn−1)⊗G = Cn(X)⊗G.
We can construct a chain complex in the same way as above by using the boundary
operator ∂n ⊗ IdG, which we will also denote by ∂n, and the resulting homology
group is Hn(X : G).
In the following, G will be equal to R or F2. We can consider the dual spaces
of the chains.
Definition. Let G be an abelian group and X be a CW complex. The homomor-
phisms between the n-chains and G form the n-cochains of X with coefficients on
G,
Cn(X : G) := Hom(Cn(X), G).
Remark. It follows from the definition that f(b¯nλ) = −f(bnλ) for f ∈ Cn(X : G) and
n ≥ 1. If X is a finite CW complex, the chains and the cochains are essentially
equivalent. Therefore, in the following, we use the notation of chains and cochains
in a totally equivalent way since our spaces will always be finite. Moreover, we
often omit the index for the boundary and the coboundary operators.
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Using the two maps between the chains, we define a same kind of maps between
the cochains. We have a boundary map
∂n : Cn(X : G)→ Cn−1(X : G)
and a coboundary map
δn : Cn(X : G)→ Cn+1(X : G)
defined as follow
∂nf(en−1µ ) =
∑
λ
[enλ : e
n−1
µ ]f(e
n
λ)
δnf(en+1µ ) =
∑
λ
[en+1µ : e
n
λ]f(e
n
λ)
In other words,
δf(en+1λ ) = f(∂e
n+1
λ ) and ∂f(e
n+1
λ ) = f(δe
n+1
λ ).
It follows from the definition that δn−1δn = 0. Then, we have cohomology groups
Hn(X : G) = Ker δn+1/ Im δn.
In the following, we will use the following notation
Bn := Im ∂n+1 Zn := Ker∂n
Bn := Im δn−1 Zn := Ker δn.
Sometimes, it is convenient to introduce the (−1)-chains considering the empty set
as the only cell of dimension −1. Then, we have:
C−1(X : G) := G.
The boundary and the coboundary operators are defined as follow,
∂0(
∑
λ
gλe
0
λ) =
∑
λ
gλ and δ−1(g) =
∑
λ
ge0λ.
The homology and the cohomology defined with this convention is named the re-
duced (co)homology.
2.3. Laplacians and eigenvalues. Now consider the case of G = R. The chains
Cn(X : R) can be viewed as a real Hilbert space using
〈f, g〉 =
∑
λ
f(enλ)g(e
n
λ).
In this case, ∂ and δ are adjoint operators. Combining them, we can define the
nth-upper Laplacian
∆+n : C
n(X : R)→ Cn(X : R)
f 7→ ∆+n f = ∂n+1δnf
and the nth-lower Laplacian
∆−n : C
n(X : R)→ Cn(X : R)
f 7→ ∆−n f = δn−1∂nf
The sum of these is the nth-Laplacian,
∆n = ∆
+
n +∆
−
n .
The cochains can be decomposed using the Hodge-de Rham decomposition,
A CHEEGER-BUSER-TYPE INEQUALITY ON CW COMPLEXES 5
Theorem (Hodge - de Rham decomposition, see Eckmann [3] ). For n ≥ 0 we
have the following decomposition.
Cn(X : R) = Bn ⊕Ker∆n ⊕Bn.
Moreover,
Ker∆n ≃ Zn ∩ Zn ≃ Hn(X : R).
We are interested by the smallest non trivial eigenvalue of the upper and the lower
Laplacians. By non trivial, we mean the eigenvectors which are not respectively
in Bn and B
n, the trivial part of each kernel. Indeed, if f ∈ Bn there exists
g ∈ Cn+1(X : R) such that f = ∂n+1g and ∆−n f = δn−1∂nf = δn−1∂n∂n+1g = 0.
Definition. The smallest non trivial eigenvalue of ∆+n (and resp. ∆
−
n ), denoted by
λn (and resp. λn), is the minimum of the spectrum of ∆
+
n |Bn⊥ (and resp. ∆−n |B⊥n ,
λn = min Spec∆+n |Bn⊥ and λn = min Spec∆−n |B⊥n
We can use the Rayleigh quotient to compute them,
λn := min
{‖δnf‖2
‖f‖2 | f ∈ B
n⊥, f 6= 0
}
= min
{ ‖δnf‖2
‖f +Bn‖2 | f 6∈ B
n
}
λn := min
{‖∂nf‖2
‖f‖2 | f ∈ B
⊥
n , f 6= 0
}
= min
{ ‖∂nf‖2
‖f +Bn|2 | f 6∈ Bn
}
where ‖f +Bn‖ = min{‖f + g‖ | g ∈ Bn} and ‖f +Bn‖ = min{‖f + g‖ | g ∈ Bn}.
2.4. The boundary expansion. If G = F2, the chains C
n(X : F2) can be en-
dowed with the Hamming’s norm:
‖α‖ = | suppα|
for α ∈ Cn(X : F2).
Definition. Let X be a CW complex, the nth-boundary expansion constant is
defined as follow,
hn(X) := min
{ ‖∂α‖
‖α+Bn‖ | α ∈ C
n(X : F2) \Bn
}
.
There is a strong link between the homology groups and the boundary expansion
constants.
Proposition. The boundary expansion constant hn(X) = 0 if and only if the co-
homology group Hn(X : F2) 6= 0.
In the case of graphs, this constant gives us rather uninteresting information.
Proposition ([14, lemma 2.3]). Let G be a graph, then
h1(G) =
{
2
diamG if G is a tree
0 otherwise
where diamG := max{d(v, w) | v, w ∈ V (G)}.
An interesting question is to understand what kind of information this constant
give us in dimension higher than 1.
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3. Main result
In [14], Steenbergen-Klivans-Mukherjee proved an inequality which explains the
link between the smallest non-trivial eigenvalue of the lower Laplacian and the
boundary expansion constant of a simplicial complex. This result can be generalized
for CW complex in a straightforward way.
Theorem (Generalization of [14, Thm 2.7]). Let X be a regular CW complex of
dimension d, then
(1) if X is orientable
λd(X) ≤ hd(X).
(2) if the maximal degree of a (d− 1)-cell is 2, then
hd(X) ≤
√
2mλd
where m = maxed
λ
∈Xd
∑
µ
∣∣[edλ : ed−1µ ]∣∣.
Proof of 1). Let α be an element of Cd(X : F2) which realizes the minimum in hd.
We can find a cochain f in Cd(X : R), which assigns 1 to every d-cells in suppα
and 0 to all the others. Since X is orientable, ∂dα is equivalent to ∂df . Then,
hd =
‖∂dα‖
‖α‖
=
‖∂df‖22
‖f‖22
≥ min
{‖∂dg‖2
‖g‖2 | g ∈ C
d(X : R), g /∈ Bd = 0
}
= λd.

Proof of 2). Let f be a real cochain which is an eigenvector of ∆d of eigenvalue λd.
We chose an orientation on the d-cells such that all the values of f are positive.
We do not assume that they are similarly oriented. We put an order on Xd =
{ed1, ed2, . . . , edN} such that
0 ≤ f(ed1) ≤ f(ed2) ≤ . . . ≤ f(edN).
The boundary of X is the (d− 1)-cells with degree 1,
∂X := {ed−1λ ∈ Xd−1 | deg ed−1λ = 1}
For each ed−1λ in ∂X , we add another (d − 1)-cell ,ed−1λ′ , via the attaching map
ϕλ′ = ϕλ. We can add a d-cell on X , whose attaching map goes homeomorphically
into ed−1λ ∪ed−1λ′ . We denote by Xd∂ the set of these new d-cells. We put an order on
Xd∂ = {ed0, ed−1, . . . , ed1−M} and define f = 0 on it. When two d-cells have a common
(d − 1)-cell in their boundary, we say they are low adjacent and write edλ ∼ edλ.
It is possible that there are more than one (d − 1)-cells in the intersection of the
boundary of two d-cells. We say that we count the cells that realize edλ ∼ edλ with
multiplicity in this case, i.e. the pair {edj , edk } appears a number of time equal of
the number of common (d− 1)-cells in their boundary. We define
Ci :=
{{edj , edk } | 1−M ≤ j ≤ i < k ≤ N and edj ∼ edk}
counted with multiplicity. Consider the quantity
H [f ] := min
0≤i≤N−1
|Ci|
N − i.
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We can show that H [f ] ≥ hd. Indeed, let i be the i which realizes the minimum of
H [f ] and α ∈ C(X : F2) defined as follow,
α(edk) =
{
1 i < k
0 i ≥ k .
So the (d − 1)-cells that are in the support of ∂dα are in the boundary of one edk
with k > i and another with k ≤ i. Then, we have
H [f ] =
|Ci|
N − i =
‖∂dα‖
‖α‖ ≥ hd.
We can now prove our inequality. All the sums on d-cells are on Xd ∪Xd∂ and are
taken with multiplicity.
λd =
‖∂df‖22
‖f‖22
=
∑
µ ∂df(e
d−1
µ )
2∑
λ f(e
d
λ)
2
=
∑
ed
i
∼ed
j
(
f(edi
)± f(edj ))2∑
λ f(e
d
λ)
2
·
∑
ed
i
∼ed
j
(
f(edi )∓ f(edj )
)2
∑
ed
i
∼ed
j
(
f(edi )∓ f(edj )
)2(1)
≥
(∑
ed
i
∼ed
j
|f(edi )2 − f(edj )2|
)2
(∑
λ f(e
d
λ)
2
) · (∑ed
i
∼ed
j
(f(edi )∓ f(edj ))2
)(2)
≥
(∑
ed
i
∼ed
j
|f(edi )2 − f(edj )2|
)2
(∑
λ f(e
d
λ)
2
) · 2(∑ed
i
∼ed
j
f(edi )
2 + f(edj )
2
)
≥
(∑
ed
i
∼ed
j
|f(edi )2 − f(edj )2|
)2
(∑
λ f(e
d
λ)
2
) · (2m∑λ f(edλ)2)
=
(∑N−1
i=0 (f(e
d
i+1)
2 − f(edi )2)|Ci|
)2
2m
(∑
λ f(e
d
λ)
2
)2(3)
≥
(∑N−1
i=0 (f(e
d
i+1)
2 − f(edi )2)H [f ](N − i)
)2
2m
(∑
λ f(e
d
λ)
2
)2
=
H [f ]2
2m
·
(∑
λ f(e
d
λ)
2
)2(∑
λ f(e
d
λ)
2
)2
≥ h
2
d(X)
2m
.
(1) is a consequence of f |Xd
∂
= 0 and ∂df = 0 for a (d − 1)-cell of degree 0. (2)
follows from the Cauchy-Schwartz inequality. For (3), we want to show that
∑
ed
i
∼ed
j
|f(edi )2 − f(edj )2| =
N−1∑
i=0
(f(edi+1)
2 − f(edi )2)|Ci|.
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This can be seen by counting the number of times each f(edi )
2 appear on each side.
On the left, f(edi )
2 appears
Σi :=
∣∣{{edi , edj} | j < i and edi ∼ edj with multiplicity}}∣∣
− ∣∣{{edi , edk} | i < k and edi ∼ edk with multiplicity}}∣∣ .
On the other side, each f(edi )
2 appears |Ci−1| − |Ci| times. Remark that for j < k
such that {edj , edk} is in Ci−1, {edj , edk} is also in Ci if k 6= i. Similarly, {edj , edk} in Ci
is also in Ci−1 if j 6= i. Then,
|Ci−1| − |Ci| = Σi

Remark. It is natural to consider the dual notion of the boundary expansion, the
coboundary expansion, as introduced by Linial-Meshulam [8] and Gromov [5] (see
also [2]). The way to do this is taking the definition of the boundary expansion and
replacing the boundary operator by the coboundary one. This definition has the
advantage that it coincides with the standard Cheeger constant in the one dimen-
sional case. A question concerns the existence of a link between the coboundary
expansion and the spectrum of the Laplacian. [7] and [14] construct counterexam-
ples which show that the straightforward way to define a Cheeger-Buser inequality
fails. Nevertheless there exist some indications that suggest a connection between
this two notions, particularly for the Cheeger’s part (the upper bound) which holds
for Riemannian manifolds.
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